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Abstract
The Steinitz class of a number field extension K/k is an ideal class in the ring
of integers Ok of k, which, together with the degree [K : k] of the extension
determines the Ok-module structure of OK . We call Rt(k,G) the classes
which are Steinitz classes of a tamely ramified G-extension of k. We will say
that those classes are realizable for the group G; it is conjectured that the
set of realizable classes is always a group.
In this paper we will develop some of the ideas contained in [8] to study
some l-groups, where l is an odd prime number. In particular, together with
[1] we will complete the study of realizable Steinitz classes for groups of order
l3. We will also give an alternative proof of the results of [1], based on class
field theory.
Introduction
Let K/k be an extension of number fields and let OK and Ok be their rings
of integers. By Theorem 1.13 in [18] we know that
OK ∼= O
[K:k]−1
k ⊕ I
where I is an ideal of Ok. By Theorem 1.14 in [18] the Ok-module structure
of OK is determined by [K : k] and the ideal class of I. This class is called
the Steinitz class of K/k and we will indicate it by st(K/k). Let k be a
number field and G a finite group, then we define:
Rt(k,G) = {x ∈ Cl(k) : ∃K/k tame, Gal(K/k) ∼= G, st(K/k) = x}.
1
1 Preliminary results
In this paper we will use the notations and some techniques from [8]
to study the realizable classes for some l-groups, where l is an odd prime
number.
Some of the results in this paper are parts of the author’s PhD thesis [7].
For earlier results see [1], [2], [3], [4], [5], [6], [9], [10], [11], [13], [14], [15],
[16], [17] [20], [21] and [22].
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1 Preliminary results
We start recalling the following two fundamental results.
Theorem 1.1. If K/k is a finite tame Galois extension then
d(K/k) =
∏
p
p
(ep−1)
[K:k]
ep ,
where ep is the ramification index of p.
Proof. This follows by Propositions 8 and 14 of chapter III of [12].
Theorem 1.2. Assume K is a finite Galois extension of a number field k.
(a) If its Galois group either has odd order or has a noncyclic 2-Sylow
subgroup then d(K/k) is the square of an ideal and this ideal represents
the Steinitz class of the extension.
(b) If its Galois group is of even order with a cyclic 2-Sylow subgroup and
α is any element of k whose square root generates the quadratic subex-
tension of K/k then d(K/k)/α is the square of a fractional ideal and
this ideal represents the Steinitz class of the extension.
Proof. This is a corollary of Theorem I.1.1 in [9]. In particular it is shown in
[9] that in case (b) K/k does have exactly one quadratic subextension.
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Further, considering Steinitz classes in towers of extensions, we will need
the following proposition.
Proposition 1.3. Suppose K/k1 and k1/k are number fields extensions.
Then
st(K/k) = st(k1/k)
[k1:E]Nk1/k(st(K/k1)).
Proof. This is Proposition I.1.2 in [9].
We will also use some other preliminary results.
Lemma 1.4. Let m,n, x, y be integers. If x ≡ y (mod m) and any prime q
dividing n divides also m then
xn ≡ yn (mod mn).
Proof. Let n = q1 . . . qr be the prime decomposition of n (qi and qj with
i 6= j are allowed to be equal). We prove by induction on r that xn ≡ yn
(mod mn). If r = 1, then mn = mq1 must divide m
q1 and there exists b ∈ N
such that
xn = (y + bm)q1 = yq1 +
q1−1∑
i=1
(
q1
i
)
(bm)iyq1−i + (bm)q1 ≡ yn (mod mn).
Let us assume that the lemma is true for r−1 and prove it for r. Since qr|m,
as above, for some c ∈ N we have
xn = (yq1...qr−1 + cmq1 . . . qr−1)
qr
= yn +
qr∑
i=1
(
qr
i
)
(cmq1 . . . qr−1)
iyq1...qr−1(qr−i) ≡ yn (mod mn).
Definition 1.5. Let K/k be a finite abelian extension of number fields. Then
we define the subgroup W (k,K) of the ideal class group of k in the following
equivalent ways (the equivalence is shown in [8], Proposition 1.10):
W (k,K) = {x ∈ Jk/Pk : x contains infinitely many primes of absolute
degree 1 splitting completely in K}
W (k,K) = {x ∈ Jk/Pk : x contains a prime splitting completely in K}
W (k,K) = NK/k(JK) · Pk/Pk.
In the case of cyclotomic extensions we will also use the shorter notation
W (k,m) = W (k, k(ζm)).
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1 Preliminary results
Lemma 1.6. If q|n⇒ q|m then W (k,m)n ⊆ W (k,mn).
Proof. Let x ∈ W (k,m). According to Proposition 1.10 and Lemma 1.11,
both from [8], x contains a prime ideal p, prime to mn and such that
Nk/Q(p) ∈ P
m
Q , where m = m · p∞. Then by Lemma 1.4, Nk/Q(p
n) ∈ P nQ, with
n = mn · p∞, and it follows from Lemma 1.12 of [8] that x
n ∈ W (k,mn).
Definition 1.7. We will call a finite group G of order m good if the following
properties are verified:
1. For any number field k, Rt(k,G) is a group.
2. For any tame G-extension K/k of number fields there exists an element
αK/k ∈ k such that:
(a) If G is of even order with a cyclic 2-Sylow subgroup, then a square
root of αK/k generates the quadratic subextension of K/k; if G
either has odd order or has a noncyclic 2-Sylow subgroup, then
αK/k = 1.
(b) For any prime p, with ramification index ep in K/k, the ideal class
of (
p
(ep−1)
m
ep
−vp(αK/k)
) 1
2
is in Rt(k,G).
3. For any tame G-extension K/k of number fields, for any prime ideal
p of k and any rational prime l dividing its ramification index ep, the
class of the ideal
p
(l−1) m
ep(l)
is in Rt(k,G) and, if 2 divides (l − 1)
m
ep(l)
, the class of
p
l−1
2
m
ep(l)
is in Rt(k,G).
4. G is such that for any number field k, for any class x ∈ Rt(k,G) and
any integer a, there exists a tame G-extension K with Steinitz class x
and such that every non trivial subextension of K/k is ramified at some
primes which are unramified in k(ζa)/k.
4
2 Some l-groups
In [1], Cle´ment Bruche proved that if G is a nonabelian group of order l3 = uv
and exponent v, where l is an odd prime, then Rt(k,G) = W (k, l)
u(l−1)/2
under the hypothesis that the extension k(ζv)/k(ζl) is unramified, thereby
giving an unconditional result when G has exponent l.
In this section we prove that Rt(k, C(l
2)⋊µC(l)) = W (k, l)
l(l−1)/2, without
any additional hypothesis on the number field k. Indeed we will consider a
more general situation, studying groups of the form G = C(ln)⋊µC(l), with
n ≥ 2, where µ sends a generator of C(l) to the elevation to the ln−1 + 1-th
power. Together with Bruche’s result this will conclude the study of realizable
Steinitz classes for tame Galois extensions of degree l3.
Lemma 2.1. Let l be an odd prime. The group G = C(ln) ⋊µ C(l), with
n ≥ 2 is identified by the exact sequence
1→ C(ln)→ G→ C(l)→ 1
if the action of C(l) on C(ln) is given by µ.
Proof. Let G be the group written in the above exact sequence, let H be a
subgroup of G isomorphic to C(ln) and generated by τ ; let x ∈ G be such
that its class modulo H generates G/H , which is cyclic of order l, and such
that xτx−1 = τ l
n−1+1, i.e. xτ = τ l
n−1+1x. Then xl = τa for some a ∈ N.
Since G is of order ln+1 and it is not cyclic, the order of x must divide ln and
so
τal
n−1
= xl
n
= 1,
i.e. l divides a and there exists b ∈ N such that a = bl. By induction we
prove that, for m ≥ 1,
(τ−bx)m = τ−bm−bl
n−1(m−1)m/2xm.
This is obvious for m = 1; we have to prove the inductive step:
(τ−bx)m = τ−b(m−1)−bl
n−1(m−2)(m−1)/2xm−1τ−bx
= τ−b(m−1)−bl
n−1(m−2)(m−1)/2xm−1τ−bx−(m−1)xm
= τ−b(m−1)−bl
n−1(m−2)(m−1)/2τ−b(1+l
n−1)m−1xm
= τ−b(m−1)−bl
n−1(m−2)(m−1)/2−b−b(m−1)ln−1xm
= τ−bm−bl
n−1(m−1)m/2xm.
Then calling σ = τ−bx, we obtain that
σl = (τ−bx)l = τ−blxl = τ−a+a = 1.
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Further
στσ−1 = τ−bxτx−1τ b = τ−bτ l
n−1+1τ b = τ l
n−1+1
and σ, τ are generators of G. Thus G must be a quotient of the group
〈σ, τ : σl = τ l
n
= 1, στσ−1 = τ l
n−1+1〉.
But this group has the same order of G and thus they must be equal.
It follows that we can use Proposition 2.13 of [8] to study Rt(k, C(l
n)⋊µ
C(l)), for any number field k.
For any τ ∈ H we define Ek,µ,τ as the fixed field in k(ζo(τ)) of
Gk,µ,τ =
{
g ∈ Gal(k(ζo(τ))/k) : ∃g1 ∈ G, µ(g1)(τ) = τ
νk,τ (g2)
}
where g2(ζo(τ)) = ζ
νk,τ(g2)
o(τ) for any g2 ∈ Gal(k(ζo(τ))/k).
Lemma 2.2. Let τ be a generator of C(ln) in C(ln)⋊µ C(l). Then Ek,µ,τ =
k(ζln−1).
Proof. By definition Ek,µ,τ is the fixed field in k(ζln) of
Gk,µ,τ =
{
g ∈ Gal(k(ζln)/k) : ∃g1 ∈ C(l) µ(g1)(τ) = τ
νk,τ (g)
}
=
{
g ∈ Gal(k(ζln)/k) : ∃a ∈ N τ
aln−1+1 = τ νk,τ (g)
}
=
{
g ∈ Gal(k(ζln)/k) : νk,τ(g) ≡ 1 (mod l
n−1)
}
= {g ∈ Gal(k(ζln)/k) : g(ζln−1) = ζln−1} = Gal(k(ζln)/k(ζln−1)).
Hence Ek,µ,τ = k(ζln−1).
Lemma 2.3. We have
Rt(k, C(l
n)⋊µ C(l)) ⊇W (k, l
n−1)
l−1
2
l.
Further, for any x ∈ W (k, ln−1) and any positive integer a, there exists a
tame G-extension of k with Steinitz class x
l−1
2
l and such that any nontriv-
ial subextension of K/k is ramified at some primes which are unramified in
k(ζa)/k.
Proof. By Proposition 2.13 of [8] and Lemma 2.1,
Rt(k, C(l
n)⋊µ C(l)) ⊇ Rt(k, C(l))
ln ·W (k, Ek,µ,τ)
l−1
2
l ,
where τ is a generator of C(ln). We easily conclude since 1 ∈ Rt(k, C(l))
and, by Lemma 2.2, Ek,µ,τ = k(ζln−1), i.e.
W (k, Ek,µ,τ) = W (k, l
n−1).
The second part of the lemma follows again by Proposition 2.13 of [8].
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To prove the opposite inclusion we need some lemmas.
Lemma 2.4. Let τ be a generator of C(ln) in C(ln)⋊µ C(l) and 0 < c < n
be an integer, then
Gl
c
k,µ,τ lc ⊆ Gk,µ,τ .
Proof. For any positive integer a we define
µˆτa : G → (Z/o(τ
a)Z)∗
by τaµˆτ (g1) = µ(g1) (τ
a) for all g1 ∈ G. By definition, if g ∈ Gk,µ,τc, then there
exists g1 ∈ G such that
τ l
cν
k,τl
c (g) = µ(g1)(τ
lc) = τ l
cµˆ
τl
c (g1).
We also observe that
ζ
νk,τ (g)
ln−c = ζ
lcνk,τ (g)
ln = g (ζln)
lc = g (ζln−c) = ζ
ν
k,τl
c (g)
ln−c
and that
τ l
cµˆ
τl
c (g1) = µ(g1)(τ
lc) = µ(g1)(τ)
lc = τ l
cµˆτ (g1).
From the above equalities we deduce that
νk,τ (g) ≡ νk,τ lc(g) ≡ µˆτ lc (g1) ≡ µˆτ (g1) (mod l
n−c)
and therefore by Lemma 1.4 we obtain that
νk,τ (g
lc) ≡ µˆτ (g
lc
1 ) (mod l
n).
We conclude that
τ νk,τ (g
lc ) = τ µˆτ (g
lc
1 ) = µ(gl
c
1 )(τ)
and hence that gl
c
∈ Gk,µ,τ .
Lemma 2.5. Let τ be a generator of C(ln) in C(ln)⋊µ C(l) and 0 < c < n
be an integer, then
W (k, Ek,µ,τ lc)
lc ⊆W (k, ln−1).
Proof. Let x be a class in W (k, Ek,µ,τ lc). By Proposition 1.10 in [8] there
exists a prime p in the class of x splitting completely in Ek,µ,τ lc/k. By
Theorem IV.8.4 in [19], p ∈ HmE
k,µ,τl
c /k, where m is a cycle of declaration of
Ek,µ,τ lc/k. Then, by Proposition II.3.3 in [19],(
k(ζln)/k
p
)∣∣∣∣
E
k,µ,τl
c
=
(
Ek,µ,τ lc/k
p
)
= 1.
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Thus (
k(ζln)/k
p
)
∈ Gal(k(ζln)/Ek,µ,τ lc) = Gk,µ,τ lc
and it follows by Lemma 2.4 that
(
k(ζln)/k
pl
c
)
=
(
k(ζln)/k
p
)lc
∈ Gl
c
k,µ,τ lc ⊆ Gk,µ,τ = Gal(k(ζln)/Ek,µ,τ).
Then (
Ek,µ,τ/k
pl
c
)
=
(
k(ζln)/k
pl
c
)∣∣∣∣
Ek,µ,τ
= 1
and so the class xl
c
of pl
c
is in W (k, Ek,µ,τ), which is equal to W (k, l
n−1) by
Lemma 2.2.
Lemma 2.6. Let K/k be a tamely ramified abelian extension of number fields
and let p be a prime ideal in k whose ramification index in K/k is e, then
Nk/Q(p) ∈ P
m
Q , where m = e · p∞. In particular, by Lemma 1.12 of [8],
p ∈ Hmk(ζe)/k and so its class is in W (k, e).
Proof. This is Lemma I.2.1 of [9].
Lemma 2.7. Let K/k be a tame C(ln) ⋊µ C(l)-extension of number fields
and let p be a ramifying prime, with ramification index ep. Then the class of
p
ep−1
2
ln+1
ep
and the class of
p
l−1
2
ln+1
ep
are both in
W (k, ln−1)
l−1
2
l.
Proof. The Galois group of K/k is C(ln)⋊µ C(l), i.e.
G = 〈σ, τ : σl = τ l
n
= 1, στσ−1 = τ l
n−1+1〉.
Since the ramification is tame, the inertia group at p is cyclic, generated
by an element τaσb; by induction we obtain
(τaσb)m = τam+abl
n−1(m−1)m/2σbm.
The order ep of τ
aσb must be a multiple of l, since the element τaσb is
nontrivial and G is an l-group. Hence, recalling that τ l
n
= 1, we obtain that
ep is the smallest positive integer such that
τaepσbep = 1.
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First of all we assume that l2 divides ep. If l
β is the exact power of l dividing
a, we obtain that ep = l
n−β and in particular that β ≤ n− 2. So we have
σ∗(τ
aσb) = στaσbσ−1 = τa(l
n−1+1)σb = (τaσb)l
n−1+1
and
τ∗(τ
aσb) = ττaσbτ−1 = τa−bl
n−1
σb = (τaσb)−a˜bl
n−1−β+1,
where aa˜ ≡ lβ (mod ln). Hence, in particular, the inertia group is a normal
subgroup of G. Thus we can decompose our extension in K/k1 and k1/k
which are both Galois and such that p is totally ramified in K/k1 and un-
ramified in k1/k. By Lemma 2.14 of [8] the class of p is in W (k, Ek,ρ,τaσb),
where the action ρ is induced by the conjugation in G and, in particular,
it sends τ to the elevation to the −a˜bln−1−β + 1-th power, as seen above,
and σ to the elevation to the ln−1 + 1-th power. The group Gk,ρ,τaσb consists
of those elements g of Gal(k(ζln−β)/k) such that νk,τaσb(g) is congruent to a
product of powers of ln−1 + 1 and −a˜bln−1−β + 1 modulo ln−β . But all these
are congruent to 1 modulo ln−1−β and thus Gk,ρ,τaσb |k(ζln−1−β ) = {1}. Hence
Ek,ρ,τaσb ⊇ k(ζln−1−β) ⊇ k
(
ζ ep
l
)
i.e.
W (k, Ek,ρ,τaσb) ⊆W
(
k,
ep
l
)
.
Hence, by the assumption that l2|ep, the class of
p
l−1
2
ln+1
ep
is in
W
(
k,
ep
l
) l−1
2
ln+1
ep
⊆W
(
k, ln−1
) l−1
2
l
and the same is true for
p
ep−1
2
ln+1
ep .
It remains to consider the case ep = l. We now define k1 as the fixed
field of τ and we first assume that p ramifies in K/k1. Then its inertia
group in Gal(K/k1) = C(l
n) is of order l and thus must be generated by
τ l
n−1
. Hence by Lemma 2.14 of [8] the class of p is in W (k, Ek,µ,τ ln−1 ) and
p
(l−1) l
n+1
ep is the square of an ideal in W (k, Ek,µ,τ ln−1 )
l−1
2
ln , which is contained
in W (k, Ek,µ,τ)
l−1
2
l by Lemma 2.5. Hence, by Lemma 2.2, the class of
p
l−1
2
ln+1
ep = p
ep−1
2
ln+1
ep
9
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is in
W (k, ln−1)
l−1
2
l.
Finally let us consider the case of p ramified in k1/k. By Lemma 2.6 the
class of p is in W (k, l). Hence the class of
p
l−1
2
ln+1
ep = p
ep−1
2
ln+1
ep
is in
W (k, l)
l−1
2
ln .
By Lemma 1.6
W (k, l)
l−1
2
ln ⊆W (k, ln−1)
l−1
2
l2 ⊆W (k, ln−1)
l−1
2
l.
Theorem 2.8. We have
Rt(k, C(l
n)⋊µ C(l)) = W (k, l
n−1)
l−1
2
l.
Further the group C(ln)⋊µ C(l) is good.
Proof. By Theorems 1.1 and 1.2, by Lemma 2.3 and Lemma 2.7 it is imme-
diate that
Rt(k, C(l
n)⋊µ C(l)) = W (k, l
n−1)
l−1
2
l.
The prove that C(ln)⋊µ C(l) is good is now straightforward using the same
results.
3 Nonabelian extensions of order l3
As a particular case of Theorem 2.8 we state the following proposition.
Proposition 3.1. The group C(l2)⋊µ C(l) is good and
Rt(k, C(l
2)⋊µ C(l)) = W (k, l)
l−1
2
l.
Up to isomorphism, the only other nonabelian group of order l3 is
G = 〈x, y, σ : xl = yl = σl = 1, σx = xσ, σy = yσ, yx = xyσ〉,
which is a semidirect product of the normal subgroup 〈x, σ〉 ∼= C(l)×C(l) and
the cyclic subgroup 〈y〉 of order l, where the action µ1 is given by conjugation.
Cle´ment Bruche proved in [1] that
Rt(k,G) = W (k, l)
l−1
2
l2.
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We can give a different proof of Bruche’s result, using class field theory.
We will also prove that the nonabelian group of order l3 and exponent l
studied by Bruche is a good group.
Lemma 3.2. Let k be a number field, then
Rt(k,G) ⊇W (k, l)
l−1
2
l2 .
Further, for any x ∈ W (k, l) and any positive integer a, there exists a tame
G-extension of k with Steinitz class x
l−1
2
l2 and such that any nontrivial subex-
tension of K/k is ramified at some primes which are unramified in k(ζa)/k.
Proof. Let x ∈ W (k, l) and n ∈ N \ {0}. By Theorem 2.19 in [8] there exists
a C(l)-extension k1 with Steinitz class x
l−1 and which is totally ramified at
some prime ideals, which are unramified in k(ζa)/k. Let p be one of them.
Now we would like to use Lemma 2.10 of [8] to obtain a C(l) × C(l)
extension ofK/k1 which is Galois over k, with Gal(K/k) ∼= G. Unfortunately
this is not possible since the exact sequence
1→ C(l)× C(l)→H → C(l)→ 1
does not identify the group H uniquely as the group G. Nevertheless, the
argument of that lemma at least produces a C(l) × C(l)-extension of k1,
which is Galois over k and with st(K/k1) = 1. Further we get that Gal(K/k)
is nonabelian of oder l3 (since the action of C(l) on C(l)× C(l) is the given
one and in particular not trivial), that K/k1 is unramified at p and that
any nontrivial subextension of K/k is ramified at some primes which are
unramified in k(ζa)/k.
We want to prove that Gal(K/k) ∼= G. To this aim, we assume that
this is not the case, i.e. that Gal(K/k) ∼= C(l2) ⋊µ C(l), and we derive a
contradiction. First of all, by construction, Gal(K/k1) ∼= C(l) × C(l) and
this must be a subgroup of Gal(K/k) ∼= C(l2)⋊µC(l): the only possibility is
that it is the subgroup H which arises by replacing C(l2) (the left hand factor
in the semidirect product) by its subgroup of order l; H happens to consist
of all elements of C(l2)⋊µ C(l) having order 1 or l. Since the prime ideal p
ramifies in k1/k and not in K/k1, its ramification index is l and, therefore,
its inertia group is contained in H . Hence by Galois theory we conclude that
the inertia field of p in K/k contains k1, i.e. that p ramifies in K/k1 and not
in k1/k. This is a contradiction, since p is ramified in k1/k.
Hence we have proved that in the above construction the extension K/k
has Galois group G. By Proposition 1.3,
st(K/k) = st(k1/k)
[K:k1] = x
l−1
2
l2Nk1/k(st(K/k1)).
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To prove the opposite inclusion we need the following lemma.
Lemma 3.3. Let K/k be a tame G-extension of number fields. The ramifi-
cation index of a prime ramifying in K/k is l and its class is contained in
W (k, l).
Proof. The ramification index of a ramifying prime is equal to l, since the
corresponding inertia group must be cyclic and any nontrivial element in G
is of order l.
Let k1 be the subfield of K fixed by the normal abelian subgroup 〈x, σ〉
of the Galois group G of K/k.
If a prime p ramifies in k1/k, then its class is in W (k, l) by Lemma 2.6.
If a prime p ramifies in K/k1, then it is unramified in k1/k (the ramifi-
cation index is prime) and so its inertia group is generated by an element of
the form xaσc, where a, c ∈ {0, 1, . . . , l − 1} are not both 0. By Lemma 2.14
of [8] the class of p is in W (k, Ek,µ1,xaσc). For any b ∈ {0, 1, . . . , l − 1} we
have
µ1(y
b)(xaσc) = ybxaσcy−b = xaσc+ab
and this expression cannot be a nontrivial power of aaσc. Hence, by defini-
tion, the group Gk,µ1,xaσc must be trivial and we conclude that Ek,µ1,xaσc =
k(ζl). Therefore, in particular, the class of the prime ideal p is contained in
W (k, l).
Proposition 3.4. The group G is good and
Rt(k,G) = W (k, l)
l−1
2
l2.
Proof. One inclusion is given by Lemma 3.2. The proof that Rt(k,G) ⊆
W (k, l)
l−1
2
l2 follows by Lemma 3.3, since for any tame G-extension K/k of
number fields the Steinitz class is the class of the ideal∏
p: ep 6=1
p
ep−1
2
l3
ep =
∏
p: ep 6=1
p
l−1
2
l2,
which is contained in W (k, l)
l−1
2
l2. Now we prove that all the properties of
good groups are verified.
1. This is clear, since W (k, l) is a group.
2. For any prime p, ramifying in a tame G-extension K/k of number fields,
by Lemma 3.3, the class of
p
ep−1
2
l3
ep = p
l−1
2
l2
is contained in W (k, l)
l−1
2
l2 , which is equal to Rt(k,G).
12
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3. Immediate by Lemma 3.3 and the explicit formula for Rt(k,G).
4. This follows by Lemma 3.2.
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